Abstract In this paper we will present two proofs of the monogenic Fischer decomposition in two vector variables. The first one is based on the so-called "Harmonic Separation of Variables Theorem" while the second one relies on some simple dimension arguments. We also show that these decomposition are still valid under milder assumptions than the usual stable range condition. In the process, we derive explicit formula for the summands in the monogenic Fischer decomposition of harmonics.
Introduction
The so-called Separation of Variables Theorem is closely connected with the invariant theory of the classical groups. Roughly speaking, this theorem can be explained as follows (see [17, 18, 20] ). Let G be a reductive algebraic group acting on a vector space W and extend this action to the algebra of polynomials P(W ) on W . Denote the algebra of 
within a certain stable range. In the framework of Clifford analysis, this theorem is usually referred to as the Fischer decomposition. In this paper we give two alternative proofs of the monogenic Fischer decomposition for polynomials of several vector variables in the easiest non-trivial case of two vector variables. This corresponds to the case where G = Spin(m) acts by the L-representation and W = R 2×m . A more precise statement of the theorem will be postponed untill the necessary background has been treated in the introductory part. Our approach aims to elucidate the interplay between different ingredients: the L-action of the group Spin(m), the orthosymplectic Lie (super) algebra osp(1|2k) (both acting on Clifford algebra-valued polynomials of several vector variables) and monogenic polynomials of several vector variables. The study of this type of polynomials has its origins in the work of Constales [9] . We will discuss all this in detail for the case of two vector variables (k = 2).
We would like to point out that some of the results we present here were already known and proved elsewhere. Our contribution rather lies in the fact that we provide alternative proofs and that we present our results as part of the general scheme of invariant theory as mentioned before. In particular, the well known results for the rotation group SO(m) are extended to its double cover Spin(m), thus offering the possibility to incorporate also the half-integer weight representations of Spin(m) into this picture. This is exactly where tools of Clifford analysis and in particular Dirac operators, turn out to be quite useful.
The monogenic (and harmonic) Fischer decomposition in several variables plays a fundamental role in recent work involving the representation theory of Spin(m), the Howe dual pairs (osp(1|2k), Spin(m)) (see e.g. [1, 22, 30] ), syzygies and resolutions occurring in algebraic analysis of several Dirac operators (see e.g. [8, 21] ), the study of higher spin (Stein-Weiss) and Rarita-Schwinger operators (see e.g. [3] [4] [5] [6] [7] 13, 28, 29] ).
The paper is organized as follows. In a preliminary section, we collect some basic notions about Clifford analysis and the invariant theory of SO(m) and Spin(m). Next, we recall some facts concerning the harmonic Fischer decomposition. A basic problem in Clifford analysis is the decomposition of harmonic polynomials into monogenics. We will determine the structure of this decomposition and show how the summands can be computed in an explicit way. Together with the harmonic Fischer decomposition, these are the key ingredients of our first proof of the monogenic Fischer decomposition in two vector variables (in a certain stable range). The advantage of this proof lies in the fact that it can generalized to the k-vector variable case. It also makes clear that monogenic polynomials of several vector variables are not a straightforward refinement of harmonic polynomials. Our second proof and the method used in [27] based on a dimension formula proved in [9] , seem to be more restricted to the two-vector variable case. However, also this proof has its merits because it shows that the usual stable range conditions can be slightly weakened. Finally, we discuss so-called counterexamples to either the harmonic or monogenic Fischer decomposition in the non-stable
